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ABSTRACT

We show that for a separable Banach space X failing the Radon~Nikodym
property (RNP), and ¢ > 0, there is a symmetric closed convex subset C of the
unit ball of X such that every extreme point of the weak-star closure of Cin the
bidual X** has distance from X bigger than 1 —e¢. An example is given
showing that the full strength of this theorem does not carry over to the non-
separable case. However, admitting a renorming, we get an analogous result
for this theorem in the non-separable case too. We also show that in a Banach
space failing RNP there is, for € > 0, a convex set C of diameter equal to 1
such that each slice of C has diameter bigger than 1 — &£. Some more related
results about the geometry of Banach spaces failing RNP are given.

1. Introduction

Let C be a closed convex bounded (abbreviated c.c.b.) subset of a Banach
space X and denote by C its weak-star closure in the bidual X**.

It is well known that a Banach space X fails the Radon-Nikodym property
(RNP) if and only if there exists a c.c.b. subset of X without denting points (see
[D-U]). The failure of RNP for X is also equivalent to the existence of a c.c.b.
subset C of X such that all the extreme points of C are in X**\ X ([B1], [St2]).
By considering the moduli

6,(C)=inf{diam S: Ssliceof C} and 6,C)= dist(Ext(C), X)
one can give the following quantitative analogues of the above statements.
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THEOREM 1.1. Let X be a Banach space failing RNP. Then

(1) for every € >0 there exists a separable c.c.b. subset C of X such that
diam C =1 and 6,(C)>1 —e.

(ii) For every & > QO there exists a c.c.b. separable circled subset C of ball(X)
such that 6,(C)>(1/2) —e.

(iit) If moreover X is separable, for every ¢ >0 there exists a c.c.b. circled
subset C of ball(X) such that 6,(C)> 1 —¢.

THEOREM 1.2. Let C be ¢ c.c.b. subset of X . Then

(1) 6(C) Z 6x(C).

(i1) Conversely, if 6,(C) = > O then for every ¢ > 0, there is a c.c.b. subset D
of C such that 6,(D) > B/4 — €. Moreover if X is separable, then D can be chosen
so that 6,(D)> /2 —&.

Note that in the second statement of the above theorem one has to pass to a
subset D of C (see Remark 2.8). Moreover the value /2 for the separable case
is best possible (see Proposition 2.10).

Let us now give an outline of the organization of this paper. Section 2 is
devoted to the proofs of Theorems 1.1 and 1.2. In Section 3, we show that for
some equivalent norms on X the set C of Theorem 1.1 can be chosen to be the
unit ball of these norms.

Analogous results to Theorem 1.1 for w*-compact subsets of dual Banach
spaces X* failing RNP are discussed in Section 4. It turns out that there
holds an analogous result for the existence of “big” slices for these sets while
there is no analogue to 1.1(ii). We also give related results for the notions of
Point of Continuity property and strong regularity and present a result of
M. Talagrand: There is a w*-compact convex subset K of #(A) such that every
convex combination of weak slices of K is big.

In Sections 5, 6 and 7 we discuss several counter-examples. In Section 5 we
prove that for the predual J, 7 of the James’ tree space there exists a constant
B <2 for which every c.c.b. subset of the unit ball of J,T satisfies §,(C) = B.
This shows that the convex C constructed in Theorem 1.1(i) cannot be in
general a subset of a ball of radius 1/2.

Section 6 is devoted to proving that for some constant a << 1, every c.c.b.
subset C of the unit ball of JT* satisfies d,(C) = «. This shows that the full
strength of Theorem 1.1(iii) cannot be carried over to the non-separable case.

Finally in Section 7, we construct a subspace Z, of JT* which shows that the
separability assumption in the measurability Lemma 7.1, used in the analyti-
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cal proof of Theorem 1.1(ii1}, is essential. The space Z, also answers negatively
a question of K. Musiat about extendability of Pettis integrable functions.

We recall now some definitions: A slice of C is a subset S of C of the form
S(x*,0)={xE€C: x*(x)>M,.— 3}, where x*€X*, |x*|| =1, >0 and
M+ = sup,ec X*(x).

A Banach space X has RNP if every operator 7: L'[0, 1]— X is represen-
table, i.e., there exists a Bochner integrable function f: [0, 1]— X such that
Tg = [ g fforevery gEL'0, 1].

For 4 C[0, 1], m(4)> 0, m the Lebesgue measure on [0, 1], let &, =
{(fEL01]: f=f x4, 20, || fll.=1}. F,,y will simply be denoted
by Z. (Let us point out that the systematic use of the sets &, was initiated by
C. Stegall [St2].)

The two last-named authors want to thank Professors B. Maurey and
G. Godefroy for helpful discussions. Special thanks go to M. Talagrarid for
allowing us to include an unpublished result of his (Theorem 4.6 below).

2. Proofs of Theorems 1.1 and 1.2

To prove Theorem 1.1 we need the following lemmas.

LEMMA 2.1. Let T: L'[0, 11— X be a bounded linear operator, A C [0, 1],
m(A)>0, and C = T(F,). If S is a slice of C then there is B C A, m(B)>0
such that S 2 T(F).

ProOOF. Sisgiven by some x*€X*, || x*|| =1and d >0 via
S=8S&x*0)={x€C:{x,x*)>M,. — 5}

where M. = sup,ec(y, x*).

One easily verifies that M,. = ess sup y, - (T*x*).

The set B = {t €A : T*(x*)(t) > M. — 0/2} satisfies the requirement of the
lemma. [ |

LEMMA 2.2. Let T: LY 0, 11— X be a bounded, linear operator, A C [0, 1],
m(AA)>0,a>0and xEX.

If T(#,) is not contained in the closed ball of radius a around x then there is
B C A, m(B)> 0 such that dist(x, T(F)) > a.

Proor. If T(#,) is not contained in ball(x, a) there is a slice S of T(F,)
such that dist(x, S) > «. Lemma 2.1 then furnishes the desired B. n
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The next lemma is a well-known folklore result. We include a proof for the
sake of completeness.

LEMMA 2.3. Let X be a Banach space, Y be a subspace of X and E E Y** =
YeX™X) Then

pdist( &, Y) = dist( &, X) = dist(¢, T).

Proor. Let x€X. By the Hahn-Banach theorem it is easily seen that
dist(x, Y) = dist(x, Y**). Let (&€ Y**. We put a = dist(&, X). Let >0 be
given. Then there exists x, €X such that || x, — || <a + 5. By the above
remark there exists y,€Y such that | x,—y,| <a+#n. Therefore
| £ =y, | <2a+ 2nand the lemma is proved. u

Proor orF THEOREM 1.1. (i) If X fails RNP then there is a non-represen-
table operator T: L'[0, 1]— X. Hence thereis 4 C [0, 1], m(4)>0and a >0
such that diam(7' (%)) = « for every B C A, m(B) > 0. Indeed, otherwise a
standard exhaustion argument would show that T is representable.

Let # = inf{diam T(%): B C 4, m(B)> 0}, and B, C 4, m(B;) >0, such
that f, = diam T(F,) < /(1 — &).

The set C =T(%)/p, satisfies the requirements of 1.1(i) in view of
Lemma 2.1.

(i) The assertion of 1.1(ii) follows immediately from 1.1(iii) and Lemma
2.3 (take a separable subspace failing RNP).

(ii1) As in the proof of Theorem 1.1(i) let T:L'[0,1]— X be a non-
representable operator and apply exhaustion (compare [St2]) to obtain 4 C
[0, 1], m(A)> 0, and « > 0 such that for every yE X and B C 4, m(B) >0,

T(F)Eball(y,0)={zEX: |z =y || =a}.

Let g = infye,‘r infp cA,mB3)>0 SUPD cBmD)>0 dist(y, T(#)) and find y, and B,
such that

sup  dist(y,, T(Fp)) = By <B/(1 —&/2).
D C By, m(D)>0
It follows from Lemma 2.2 that T(#,) is contained in ball( y,, Bo).

Let (y,)2-, be a dense sequence in X. For n €N find — again by exhaustion
and using 2.2 — subsets D, . . ., D§, of B, such that

dist(y,, T(Fpp)) > B(1 — €/2) for1 =i =N(n)
and
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N(n)
m ( U D{’>>m(BO)(1 — 22y,
=1

Let E =N, U") Drandlet E = D N E. We shall show that, for n €N,
every extreme pomt y** of the weak-star closure T(%;) of T(#;) has distance
from y, greater than S(1 —¢/2).

Indeed, for every.n €N, # = convex hull{ %, ..., %, } and — passing
to the weak-star closures in L'[0, 1]** — we get

F; = convex hull{ %, ..., F, ).

As T(,%;) = T* (%)= — convex hull{T(.ﬂ"E ): 1 =i = N(n)}, we see that the
extreme point y** of T(%) must be contained in some T(%), hence

dist(,, y**) Z dist(,, T(Fz)) = dist(y,, T(Fer)) > B(1 — /2).

Letting C, = ((1 — &/2)/B)- [T(?E) — ¥,] we obtain a closed convex subset of
the unit ball of X such that 6,(C)) = (1 —&/2)*= 1 —e.

Letting C =closed convex hull(C,,—C,) one obtains C = con-
vex hull(C,, — C)). Hence every extreme point of C has distance from X greater
than 1 — ¢, as it must be an extreme point of either C, or — C,. [ ]

To prove Theorem 1.2 we need one more lemma which is a quantitative
version of a result of R. Huff and P. Morris ([D-U], VIL. 4.1).

LEMMA 2.4. Let C be a c.c.b. subset of a Banach space X, then

(1) If C is such that every slice has diameter bigger than 1, then there
is no slice of C which can be covered by finitely many sets of diameter strictly
less than 1.

(i) If C is such that for every ball B of radius less than 1 one has
C = conv(C\ B), then for every finite number B,, . . ., B, of balls of radius less
than 1 one has C = conv(C\U/_, B).

ProoF. The proof will use some arguments and concepts due to
J. Bourgain [B2]. If S =S5(x*,6) is a slice of C we denote by E%S)=
{EEExt(C) : E(x*) > M — 5).

(1) Suppose that there is a slice S of C, and finitely many sets 4,, . . . , 4, of X
all of diameter strictly less than 1 such that S C U/, 4;. This inclusion
obviously implies E%(S) c U;_, 4

Without loss of generality we may assume that (4,),<, is minimal in the
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sense that no strict subfamily of (4,);=, covers E%S). Hence there exists
EEEYS) such that EEA, and £ ¢ A,, fori = 2.

Since & is an extreme point of C, we can find a w*-slice T of C such that
€T cSand T NA, = forevery i = 2. (We use the fact that the w*-slices
containing & form a basis for the w*-topology of C at £.) Hence

EXTYc T nEYS)C A,.

By a result of J. Bourgain ([B3], Lemma 3) there is a slice R of C such that
R c T, and for every x €R one has

. 1—diamd
dist(x, Sonv *(EX(T)) < —dl:m—(‘) .

This implies

diam(R) < diam(E(T) +—— 5

This finishes the proof of (i).

(i1) The proof of part (ii) is similar to the above one if we observe that the
conclusion of (ii) is equivalent 1o the fact that no slice of C can be covered by
finitely many balls of radius less than 1. [ |

ProoF oF THEOREM 1.2. (i) Let Cbe a c.c.b. subset of a Banach space X. If
Sis a slice of C, then S contains an extreme point £of C. As S N X # & we get

diam S = diam S = dist( &, X) = 6,(C),

hence §,(C) = §,(C).

(i1) Let us first suppose that .X is separable. Fix ¢ > 0, and let (,),>, be a
dense sequence in X. Using the above lemma, and a standard perturbation
argument ([D-U], proof of V.3.4) one can show that there exists a finite C-
valued martingale (M), on [0, 1] such that

WM, () =y | >(B—¢)2 forevery t€[0,1], n€N, 1=Zj=n.

If T: L'[0, 1]— X is the operator associated to the martingale (M,,), 5, it is
not difficult to see that for 4 Z[0, 1], m(4)>0 and n Z 1, T(#,) is not
contained in ball( y,, (8 — ¢)/2). The proof is continued as in Theorem 1.1(1i1)
by considering the expression

inf  inf sup  dist(y,, T(FH) = (B —¢)/2.

n BCAm(B)>0 DCBmD)>0
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The non-separable case follows from the separable one and Lemma 2.3. N

REMARK 2.5. In view of Theorems 1.1(1) and 1.2(ii)) one might ask
whether, given a separable Banach space X and ¢ > 0, it is possible to find a
convex closed subset C C B(X) of the unit ball of X such that all the slices of S
have diameter at least 2 — . We will see in Section 5 that such a result is not
true in J_ T, the predual of the James tree space. However the answer is
positive for Banach lattices [W].

REMARK 2.6. It is not possible, in general, to take ¢ =0 in Theorem
1.1(iii) as the following equivalent norm on ¢, shows:

(x)l—suDIXI+Z -
n12

Its bidual norm on /* is given by the same expression and for every
€=\ {0} one has dist,. (& ¢p) < |&]. Indeed, let n be such that &, # 0.
Then lf*énenl < 'fl

REMARK 2.7. The question whether one may drop the separability
assumption in Theorem 1.1(iii) is quite delicate and will be settled negatively
in 6.1 below.

ReMARK 2.8. The following example shows that in Theorem 1.2(ii) we
have to pass to a subset D of C and that it is not possible — in general — to get
a value better than /2 in the conclusion of 1.2(ii).

All the slices of the unit ball of C[0, 1] have diameter equal to 2, while the
constant function xy,,; is an extreme point of the unit ball of C[0, 1]**. (See
also Remark 2.9.)

Let us sketch a proof of these two claims:

(1) Let ue.#10, 1], || | = 1. For 6 > 0 choose two non-void open sets A
and Bsuchthat4 N B = and |u|(B)> 1 — /3, and a function f,€ C[O0, 1],

| /oIl =1 such that u(f)>1—4/3.

Choose now two functions f;, LEC[0, 1], || f || = | such that f; = 1 (resp.
fi=—1)onAandf, = f, = f,on B. One quickly verifies that u( f{) > 1 — dand
u(f,)>1—4¢ and it is clear that || £, — f, | = 2. Hence the diameter of the
slice S(u, d) of the unit ball of C[0, 1] is equal to 2.

(2) Let L be the compact set such that C[0, 1]** = C(L) and denote by
w: L —[0, 1] the quotient map obtained by restricting the elements of C(L)*
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to C[0, 1]. Then the natural injection i,: C[0, 11— C(L) is given by iy( f) =
few, hence iy 1) = xo which is an extreme point of the unit ball of C(L).

REMARK 2.9. One might also ask, whether — in the situation of Theorem
1.1(iii) — one can obtain a closed convex set C of diameter less than 1 such
that §,(C) = (1 — ¢). This is not true as shown by the next proposition. Hence,
“a subset of the unit ball” is the proper assumption for Theorem 1.1(iii) and a
“set of diameter 1” the proper one for Theorem 1.1(i).

ProPOSITION 2.10. Every bounded subset C of L'[0,1] satisfies
6,(C) = 265(C).

ProoOF. Indeed, following [G-M] we define
p(C)= lim sup | fldt.

M- fec vV I/IzM
Then we see that sup,wcedist(x**, L') <p(C), while diam(C) = 2p(C).
[These facts about the “modulus of equi-integrability” are well-known. ]
The conclusion of the proposition follows by applying these inequalities to
the slices S of C, and by noting that for every slice Sof C, § N Ext(C) # & . &

REMARK 2.11. The value 1/2 in Lemma 2.3 is optimal. The subsequent
easy example will be crucial as motivation for 6.1 and 7.2 below.

Let N=N U {0} be the Alexandroff compactification of N, ¢ the Banach
space of continuous functions on N and ¢, the hyperplane of ¢ defined by

co={fE€c: flw)=0}.
Note that ¢** equals /=(N) while c* equals the hyperplane of /°(N) given by
#* = { fEI*(N) : floo) = 0}.

Let f,E€c,** be given by fi(rn) =1 for every n €N and fi(x0)=0. Clearly
dist( f;, c) = 1. However, dist( f;, ¢) = 1/2. Indeed, the function g, given by
gin)=1/2forevery n€ENisincand || f, — & || = 1/2, whence dist( f;, ¢) =
1/2. The reverse inequality dist( fy, ¢) = 1/2 is given by 2.3.

3. Two renorming results

In this section we will prove that for spaces failing RNP, one can find
equivalent normg for which the new unit balls are “bad” with respect to the
phenomena of “big slices” and of “far extreme points.”
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THEOREM 3.1. Let (X, | - ||) be a Banach space and o> 0. Suppose there
exists an absolutely convex, closed subset C of B . |(X) such that all slices of C
have | - || -diameter = a. Then for every & > O there exists an equivalent norm
|-| on X such that |-|Z || - | and every slice S of B, (X) satisfies:
diam,. (S) = diam . (S) = a —e.

Proor. Fix ¢ > 0 and let C be as in the assumption.
We define an equivalent norm |- | on X by

! -
B||(X)=‘1T8 (C+8B""(X))

We will prove that every slice of B,.,(X) has | - | -diameter at least
(a—2¢)/(1 +¢), so every slice of B,.,(X) has also |-|-diameter at least
(a—2e)/(1 +¢).

Indeed, let f€E X*, | f| =1, > 0. We put y = supc fand J = supg, , f-

As easy computation shows that (y + &)/(1 + &)= 1 and

1
1—+8[S(C;f, (1 +)B/2) +&-SBy . (X); £, (1 + £)8/26)) C S(B,. (X); £, B).

From this we deduce that || - || -diam[S(B, (X); £, B)}1=(a —2¢e)/(1 +¢). A

CoRrOLLARY 3.2. Let X be a Banach space without RNP. Then for every
& > 0 there exists an equivalent norm | - | on X such that every slice S of B,. (X)
satisfies diam, . (S)= 1 —e.

ProoF. In view of the preceeding theorem it is enough to find a c.c.b.
symmetric subset C of Ball(X) with 6,(C)=1—¢. Such a set exists
by Theorems 1.1(ii1)) and 1.2(i) applied to a separable subspace Y of X
failing RNP. |

We will see in Section 6 that Theorem 1.1(iii) is false in the non-separable
case, however allowing a renorming there is an analogue for it.

THEOREM 3.3. Let X be a Banach space without RNP. Then for every e >0
there exists an equivalent norm | - | on X such that dist,.,(Ext(B,. (X**)); X) =
1—e.

Proor. Let Xbea Banach space without RNP, Y a separable subspace of X
without RNP,
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For 0 <e < 1/2, let C C B(Y) be the absolutely convex closed subset given
by Theorem 1.1(iii). We define an equivalent norm [-] on X by

&
By.4(X) = B(Y) + ————— B(X).
((X) = B(Y) 20— 20) (X)
Then C C By ,(X) and dist; (Ext(C), X) = 1 — 2e.
Indeed, let £ EExt(C). We put L = & + (1 — 2¢)B(Y*¥).
From dist}. (¢, Y) = 1 — &, we deduce that dist. (L, Y) = ¢. By Lemma
2.3 it follows that dist ., (L, X) = &/2. This means that

E—x GE[(I — 2e)B(Y**) +§B(X**)] = (1 — 2&)By{(X*¥) for every x EX.

This means that [£ — x] = | - 2¢ for every xE X,

Theset B, (X)=C + EBM(.F) is the unit ball of an equivalent norm | - | on
X which satisfies dist;. (Ext(B,. (X**)); X) = 1 — 4e. n

REMARK 3.4. Observe that none of the conclusions, neither of Corollary
3.2 nor of Theorem 3.3, is true for every norm on X as is shown by the
following observation.

If || - || is any norm on X, let x, € X such that || x; || = 2, and define a new
norm | - | by B,.(X) = cv[ £ xy, B .;(X)], then X, is a strongly exposed point
of B,.,(X) as one quickly verifies.

ProBLEM 3.5. Given a Banach space X failing RNP, and ¢ > 0, does there
exist an equivalent norm | - | on X such that all the slices of the new unit ball
have | - {-diameter at least 2 — ¢?

Notice that in view of Theorem 1.2, a positive answer to this problem will
give an improvement of the above two results. Let us also point out that the

answer is positive for non-strongly regular dual spaces ([Go], [Go-M]) and for
Banach lattices failing RNP [W].

4. Related results

In this section we prove that for a dual Banach space X* failing RNP, an
analogous result for Theorem 1.1(i) holds true for w*-compact sets. On the
other hand the w*-version of Theorem 1.1(11) fails to be true, i.e., the set C
cannot be taken to be w*-compact in general. This solves negatively a problem
of J. Diestel and J. J. Uhl (See Remark 4.5.)



Vol. 65, 1989 RADON-NIKODYM PROPERTY 235

We end this section by giving analogues of Theorem 1.1(i) for the notions of
point of continuity property (PCP) and strong regularity.

ProrosiTION 4.1. Let X* be a dual Banach space failing RNP. For ¢ > 0,
there exists a convex w¥-compact set C of X* such that diam(C) = 1 and all the
w*-slices of C have diameter greater than 1 — ¢.

Proor. By a result of C. Stegall ([Stl], Theorem 1) there is T;: X —
L>(A, u) such that the restriction of 7 to L'(A) fails to be representable. Here
A denotes the Cantor group { — 1, 4+ 1} and y the Haar measure on A.

As In Lemma_2._1_ , We can prove that if 4 CA, u(4)>0, tthor*every
w*-slice S of T(#,), there exists B C A, u(B)>0 such that T(#) CS.
Hence the rest of the proof of 1.1(1) carries over verbatim. [ ]

ProOPOSITION 4.2. There exists a separable Banach space X such that X*
does not have RNP, and such that every convex w*-compact subset C of X*
contains an extreme point of C (its w*-closure in X***).

To prove this proposition we use the notion of furthest point.

Let K be a bounded convex subset of a Banach space X and x € X. We say
that x is a furthest point w.r. to K if there exists y,EK such that [ x —y, || =
suDyex | x — ¥ |-

Let us prove the following lemma.

LEMMA 4.3. If X is a Banach space with RNP and such that the weak and
the norm topologies coincide on the unit sphere of X*, then every convex w*-
compact subset K of X* has a denting point. In particular K N Ext(K) # &.

Proor. Let K be a convex w*-comapct subset of X*. Since X has RNP,
by a result of Deville and Zizler ([D-Z], Prop. 3) K has a furthest point say x.
This means that the convex w*-lower semi-continuous function @(y*)=

| v* — xF || achieves its maximum on K, and since K is convex and w*-
compact, ¢ achieves its maximum on some extreme point y§ of K (immediate
consequence of Choquet’s representation theorem).

Now since the weak and norm topologies coincide on the unit sphere S(X*)
of X*, all the points of S(X*) are points of continuity of Id : (B(X*), w)—

BOX*), | - |- And since K C ball(x§, || v — x& || ), y&is a point of continuity
of Id: (K, w)—(K, | - || ), and since y¢ is an extreme point of K, it is also a
denting point of K by a result of [L-L-T]. [ |

ProoOF OF PrROPOSITION 4.2. It is shown in [S1] that the weak and norm
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topologies coincide on the unit sphere S(JT*) of JT*, the dual of the James’
tree space.

Since JT has RNP, and JT™ does not have RNP, Proposition 4.2 follows
from Lemma 4.3. |

REMARK 4.4. Let us also mention that in [S1] the following more precise
version of 4.2 is shown: If C is convex, w*-compact in JT* then the functionals
which strongly expose C form a dense G; subset of JT**,

ReEMARK 4.5. Diestel and Uhl asked whether X* has RNP or X does not
contain /! if we assume that every convex w* compact subset of X* has weak
slices of arbitrarily small diameter. Proposition 4.2 gives a negative answer to
the first part of the question. The second part of the question was recently
solved positively for separable Banach spaces by M. Talagrand. We include
this result and thank M. Talagrand for permitting us to do so.

THEOREM 4.6 [Talagrand]. There exists a convex w*-compact subset K of
P,, the set of probability measures on A, such that for every k EN and every
weak siices S,, . .., Sy of K, one has

1
diam E(Sl + .- +Sk):l=2

ProorF. We first introduce some notations. For every natural number
s = 3, we associate the following family of probability measures. (The underly-
ing measure space will be always clear from the context.)

For I C N, i EN, define on the ith copy of {0, 1} a measure

s—1

1 .
—_ 6{) +
S A

o ifi€l,
vs,I(i) =

s—1 1
L0480 ifiel
A) S

Now for J C N, I C J, and p €J, define
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ﬂsj,l = ® V.1 (0),

iel

P =aav>®[ ® vs,,a)],
ieJ
i#p

ilr =5;v>®[ X vs,,(i)].
ieJ
i#p

LEMMA 4.7. For every s = 3, there exists A(s)ER™ such that

< A(s)/n.

M By n)

[MJP -[1'1]17
s,{1,n]

ReEMARK. It might be helpful for the understanding of the lemma to

observe that the case s =2 corresponds to the easy implication of the
Khintchin-inequality for Rademacher-functions.

ProoF. For ¢E€EA,, let agy(e) = Card{,:¢ =0}, o)(e) =Card{;:¢ =1}.
[Note: a4(¢) + a,(¢) = |€|.] Then

1\o&-1 [g — 1\o® 1\o®) (s — 1\o&)-1
oo ({7 (5 o0 () (5
S S N

S
_1n—[ n
=(S ) $ Chs = 1)*|n — sk
k=0

N

5

By Gauss’ formula, a direct computation shows that for every n €N, and
every 0=/ =<5 — 1, we have

aS,’l = 2

£€A,

s /
ﬂsn+l+l =—Bsn+l + 2<1 _—> (S - 1)_"Cr':s+l'
s—1 s—1

Now by Stirling’s formula we deduce that

S C{ s\
iz =g (1)
s—1 ﬁs—l

for some constant C (depending on s), hence «; , + | = a;,, + (C /\/ n), and then
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a, S ASn. n

Observe that for every J C N, every I €{¢, J}, every finite subset K of J, we
have

_J.p = J.p
2 .us,l _;us,I

pPEK

= Q1K)
Aj)

LEMMA 4.8. Foreverys == 3, every a > 0, there exists n = n(s, a) such that:
For every k EN, every J CN, |J| Z kn, every (¢,)1zixx EMA)*, | o | =
1, there exists p €J such that

_J,p = J,p
sup sup @& — ) <a
I€{g,J} 1 =ik

PrROOF. Let n be such that A(s) <a./n/4, where A(s) is the constant
appearing in Lemma 4.7. We shall show that n satisfies the conclusion of
Lemma 4.8.

If not, there exists Kk EN, J CN, |J| Z kn, (@)1 <= EAMD)*, |0 || =1,
such that forall peJ

_J,p = J,p
sup sup |o;(i; —isr)| Za
I1€{p,J} 1 5i =k

By a cardinality argument, there exist i, €[1, k], L,E{¢,J}, KC J, |[K| =
n/4, and ¢ = = 1 such that

ep,(Hyy — i) 2 e forevery pEK.

This implies
= A/ K|

which contradicts the choice of n. [ ]

14
_J,p = J,p
a|K| = \(oiu( 2 Hs 1, _)us,lo>
\pEK

PrROOF OF THEOREM 4.6. Let (N,),; be a partition of N into infinite sets,
i.e., IN;| = 0, Vs = 3. We define for every I C J C N probability measures p;/
on A; by

Jo_ JNN
Pr= ® ﬂs,lnﬁ,~

523

We also consider the operator T;: C(A;) — C(A,) defined by T,( f)I) = p{ (f),
for every I C J, where we have identified A; with the power set 2(J).
One can easily check that T%: #(A)) — #(A,) satisfies TF(d7) = p{, where
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d7 is the Dirac measure at [ on A;, and then TH(0) = w* — {, p/ dO(I). In
particular TF(6) is a probability measure on A, if 8 is.

We will frequently use the following property of the operators 7, : If J, and J,
are two distinct subsets of N, then 7, ,, =T, QT,.

If T =Ty, and if P, denotes the set of probability measures on A, then
K = T*(P,) is a convex w*compact set of P,. We are going to prove that for
every k €N, every weak slice S, . .., S, of K, one has

diam[(1/k)S, + - - - + S)1=2-((s — 2)/s) for every s = 3,
which of course will end the proof of Theorem 4.6.

Observe first that for every JCN, |J| <, every ¢ €EK is a convex
combination of elements of K of the form p/ ® y,, where I runs through the
subsets of J, and y;, = T\ ,(6,) for some probability measure 6, on Ay, ;. Indeed,
this immediately follows from the fact that T*(5}) = pj .

Let now (¢,),<; <« EH(A)*, || ;|| =1, and >0, and let

Si=S(p;, 6) = {0 EK: p(0) > M, — 6},

where M; = sup,cx ¢;(0).

For every s = 3, let J,CN,, |J;| = k2*n, where n = n(s, 6/2) is given by
Lemma 4.8. For every i €[1, k], choose g; €K such that ¢;(g;) > M, — (6/2).
By the above observation (applied to ¢;) and a convexity argument, we may
find I; C J, such that ¢;(p; ®7y;,) = M, — (6/2).

By a cardinality argument, there exists J CJ,, |J| = kn(s, 6/2), which
satisfies either J C I, or J C Jy\ I, for every i €[1, k].

If we put 3, = /13!",\\] &7, we have, since J,CN,, that p,{“ iy =
Ko, @F;.

Define now elements y, € .#(A;)* by y,(g) = ¢,(c @7,), and apply Lemma
4.8 to find p €J such that sup,ey ;) SUP; =i <« t;/[(ﬂi’,” —jt sl,’,p) < /2.

Without loss of generality we can suppose that JC I for 1 =i =/, and
J C Jy\I;forl <i = k(l/is some integer in [0, k]). By a convexity argument we
deduce that

{ﬂ_{J®?i,ﬂs{j\{p}®?[}CSi forl =i=l
and

(4, @9, 1, ®73CS, forl=<i=k.
Then
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. 1
diam [ﬁ S+ + Sk):|

1 ! k
i; N (w5 _#sJ,J\(p))@)( _;l ?i) + (&) _#sj,¢)®< ) ?i)

i=l+1

s—2 ! k
-2 ap-ame [t e( £ )+ use( £ )
i=1 i=l+1
-2
—2312%
s
This concludes the proof of Theorem 4.6, since s is arbitrary. [ |

COROLLARY 4.9. Let X be a separable Banach space containing l', then for
every n > 0, there exists a convex w*-compact subset K of the unit ball of X* such
that diam[}(S; + - - - + S)] = 2 — n for every weak slices Sy, . . ., S, of K.

Proof. A (variant of a) result of A. Petczynski ([P], Theorem 3.4) asserts
that if a separable space X contains /', then for every > 0 there exists a
w*—w*.continuous (1 + #7)-isomorphism from .#(A) into X*. Corollary 4.9 is
then an immediate consequence of Theorem 4.6. |

Recall (see [G-G-M-S], II1.2 and Lemma II.1) that a Banach space X has
the point of continuity property (PCP) if for every bounded set C in X and
£ > 0 there is a non-empty relatively weakly open set V of C with diam(}) <e¢
and that X is strongly regular if for every bounded C in X and ¢ > O there are
non-empty relatively weakly open sets F,...,V, such that
diam(n~'(V,+ - + V) <e.

ProPOSITION 4.10.

(a) If X fails PCP there is, for € >0, a closed set C C X, diam(C) = 1, such
that every nonempty weakly open subset V of C satisfies diam(V) > 1 — e.

(b) If X fails to be strongly regular there is, for ¢ > 0, a closed convex set C,
diam(C) =1, such that diam(n~'(V,+ --- +V,))>1—¢ for every
collection V,, . .., V, of non-empty weakly open sets of C.

PrOOF. (a) The proof is straightforward: Let C be a bounded set such that
inf {diam(U) : U relatively weakly openin C, U # &} =a>0.

Let U, be a non-empty relatively weakly open subset of C of diam(U;) <



Vol. 65, 1989 RADON-NIKODYM PROPERTY 241

a/(1 — ¢). As a relatively weakly open subset U, of U, is relatively weakly open
in C and therefore diam(U,) = o, if U, # &, we immediately obtain that
C, = U,/diam(U)) fulfills the requirements.

Let us note that an analogous result (with identical proof) holds for the
“convex point of continuity property” (CPCP).

(b) For the case of strong regularity the proof also follows the pattern using

the subsequent Lemma 4.11. We leave the details to the reader. |

LEMMA 4.11. Let C be a bounded subset of a Banach space X, V,, ..., V,
non-empty relatively weakly open subsets of C and D =n~'(V,+ --- + V,).
Let U,,...,U, be non-empty relatively weakly open subsets of D. Then
there are n.m non-empty relatively weakly open subsets Wy ..., W,,

of C such that
(n.m)”' W+t W )Sm™ (U + -+ - + Uy

ProoF. Fix 1=j=m and let x€U. We may write Xx=
n='(x + - -+ +x,) where x; EV;. As U, is a relative weak neighbourhood of x
in D we may find x¥ ...,x€X* and 6>0 such that U 2
{(yeED:[{(x—y,x})|<dforl =q = p}.

Define, for 1 =i=n, W,,={yeV;:|(y —x;, x})| <dfor1 =q = p}.

Clearly W, is relatively weakly openin Cand n='(W, , + - -- + W,,) C U,.

Hence, by doing the above construction for each 1 =j = m, we obtain

(nm)' Y L W, Cm ' 3 U, _
j=1

j=1 i=1

5. A counterexample

We give the counterexample answering negatively the problem raised in
Remark 2.5.

TueoreM 5.1. There is a constant § <2 such that every closed convex
subset C of the unit ball of the predual J,T of JT has a slice of diameter less than
or equal to 8.

REMARK 5.2. In view of the properties of JT* one may think that Ve >0
the statement of the above theorem holds with f = ﬁ + ¢. However, we only
prove that Theorem 5.1 holds true for some # strictly less than 2.

We start by recalling the notations and properties of the spaces JT, its
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predual and its duals. We refer to [L-S] for detailed study of these spaces and
to [Br] for a general account on James spaces on partially ordered sets.

Let us first recall the standard terminology on the binary tree T = U,"_, A,,
where A, = {0, 1}".

An element ¢ € T is said to be of length n, written |f| =n, if t €A,

We say that t=(,...,t,)€EA, is less (in the tree order) than s =
(S -..,8,)EA,,,and write t <<s,if n <mand ¢, =s;for |l =i =n.

A segment S of T is a totally ordered set {¢,: n =i <m} where |¢;| =i for
every n =i <m and n€EN, mENU {o0}, (i.e., we also allow infinite seg-
ments). In the particular case where n = 1, m = o such a segment will be
called a branch. Each branch of T can be canonically identified with an element
y of A= {0, 1} and conversely.

The space JT is defined as the completion of the finitely supported families
X = (x,),er With respect to the norm

1/2

| x || ;7 =sup

where the sup is taken over all disjoint families {S;: 1 =i = n} of segments of
T. Note that we obtain the same space if we allow in the above definition the
segments S; only to be finite.

The analysis of JT™* requires one to represent its elements as functions on the

set T=T UA,, where A, is a copy of {0, 1}~. This identification is done as
follows: Let z*€JT*.

Fort€T, z*¥()=z*(e), wheree = (d,;)er-
Fory€A,, z*(y)=Ilim., z*(1).

Note that the above limits exist by [L-S].

In particular z* € JT* defines a continuous function on T, if T is equipped
with “the order topology”, i.e., all the points ¢ € T are isolated points, and for
y €A, a basis of neighborhoods is {{tEA:t =y, [t|Zn};n=1}.

With the above identification we define a family of operators 7, : JT*—
I(An), n = 1, by m,(2%) = (2%(1)):ea, -

We also define 7,(z*) = (z*(y)),ea, - It is shown in [L-S] that =, defines a
quotient map from JT* onto /*(A).

It also follows from [L-S] that the subspace B of JT* defined by

B ={z*€JT*:n,(z*)=0}
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is the (unique) isometric predual of JT and will therefore be denoted by J, T

One of the important tools to prove Theorem 5.1 and the main theorem of
the next section is the notion of molecules.

A molecule is an element of JT* of the form m =Z!_, 4;xs, where
Sy, ..., S,are disjoint segments of T, A, ER, =", A? < 1. The set of molecules
will be denoted by M.

To prove Theorem 5.1, we start with an easy proposition.

ProrosITION 5.3, Let m: X— X be a projection with finite dimensional
kernel and C a convex, bounded subset of X. Let

A =inf{diam(S): SasliceofC} and B = inf{diam(T): T aslice of n(C)}.
Then A = B.

ProOF. Note that X* = z*(X*)D n(X)L. Let (x*)7_, be a finite ¢-net in the
ball of #(X)* of radius ||/ — 7z | and observe that for x*€X*, | x*| =1
there is 1 =/ = n such that

(%) | x* — (n*(x*) + x¥) || <e.

Fix aslice Tof n(C),say T = T(y*,0) = {y €n(C) : y*(y) > M,. — 7}, where
y* Eﬂ*(X*), " y* " = 1, 5 > 05 and My‘ = supyEn(C) y*(Y) = Squecy*(X)-
Let S be the slice of C defined by

S=S(y*d)={xEC:yx)>M,.—-d}=n"(T)NC.

It is easy to obtain (see [B2]) a slice S; of C contained in S such that
osc(x* | Sy <eforevery i €[1, nl.

Fix x;,, €S, x*€X*, || x*| =1 and find 1 =i = »n such that (*) holds
true to estimate:

[x*(x; — X)| = [{m*x* + x*, x, —x)| +2e | C|
=S |(x*nx,—mg)| tet+2e || C
s=diam(T)+e(1+2|C|).
This proves the proposition since
diam(S)) = sup{x*(x, — x) : x;, X ES,, || x* || =1}. |

REMARK. Note that in the situation of Proposition 5.3 one does not have
A = B in general. Indeed, let X = ¢,®D, R, C = Ball(X), n: X — X the projec-
tion onto ¢, Then A = 0 while B = 2.
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We shall apply Proposition 5.3, for n€N, to the restriction
map m, ,, : J,I —J, T defined by @, ., (x) = x xp,, where D, =U__, A, C T.

LEMMA 5.4. Fore > 0 there is 6 > 0 such that the following holds true: For
every n€N and A€E(A,), | A || =1, one has diam(m, ,,(S)) = \/2 + ¢, for
every slice S of Ball(J,,T') of the form

S={xeT:|x|| £1and(m,(x),A)>1—-0}.
ProOOF. Suppose x €J,T is a molecule m of the form

(1) m= Y At)xs,

tEA,

where S, are finite segments of the tree 7 such that ¢ €S,. Note that m €S and
that for m and m’ of the form (1), we have || 7y, (m —m’) || = \/2.

Let now x and x’ be two elements of S. It is not hard to see that, for 6 >0
small enough, there are y and y’ which are convex combinations of molecules
of the form (1) and such that || x —y | <e&/2and || x’—y’ || <e&/2(compare
the proofs of 6.5 or 6.10). It follows that

I o — %) | < | Ay =¥V | +E</2+e

thus proving Lemma 5.4. [ |

PROOF OF THEOREM 5.1.  Obtain § > 0 from Lemma 5.4 for e = 3/2 — /2
and choose f such that max(3/2, 2(1 — d)) < < 2. We distinguish two cases:

Case 1. sup{ | 7,(z*) | : z*€C} =1 — 4, where C denotes the weak-star
closure of C in JT*.

Assuming that every slice of  has diameter greater than f we may apply
Theorem 1.2(ii) for ¢ < (8/2) — (1 — ) to find D C Csuch that 6,(D)>1 — 4.
Noting that, for z*€JT*, dist(z*,J, T)= | n,(z*)|| we arrive at a con-
tradiction.

Case 2. sup{ || m,(z*)||: z*€C}>1— 6. Then we may find xEC, nEN
and A €/%A,) such that (n,(x), A)>1—4.

By Lemma 5.4 there is a slice .S of x, ,,)(C) of diameter less than 3/2 and by
Proposition 5.3 there is a slice S, of C of diameter less than 3/2. u
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6. A counterexample for the non-separable case

THEOREM 6.1. There is a constant « << 1 such that for every subset C of the
unit-ball of JT* there is an extreme point z*** € C, the weak-star closure of C in
JT¥** sych that dist(z***, JT*) < a.

REMARK 6.2. The computations necessary for proving the theorem are
quite messy (as usual when James space is involved). Hence we don’t try to
obtain the best constant « in the above theorem. Again, similarly as in Remark
5.2 one may conjecture that for every ¢ >0, a = (\/5/2) + ¢ will work. The
idea of the proof is to exploit the phenomenon described in Remark 2.11 on
every branch of the tree 7.

A basic tool for understanding the structure of the space JT* is the
subsequent Lemma 6.3. Roughly speaking it states that the behaviour of
elements of JT*is characterized by the behaviour of (convex combinations of)
molecules; it turns out that these are relatively easy to analyse thus allowing us
to obtain structural information about J7*:

LEMMA 6.3. Denote M to be the set of molecules in JT*. The unit ball of JT*
is the norm-closed convex hull of M.

Proor. It follows from the definition of JT that M forms a norming sub-
set of the unit-ball of JT*. Hence the weak-star closed convex hull of M equals
the unit ball of JT*. An easy application of the Hahn-Banach theorem shows
that M*, the weak-star closure of M, contains the extreme points of the unit
ball of JT*.

As JT does not contain /! it follows from the /'-theorem of Odell-Rosenthal
[O-R] and Haydon [H] that the unit ball of J7*is the norm-closed convex hull
of M*. To end the proof of this lemma it suffices to prove the following.

CLamM. Let MI = (T2, Axs: Z A} = 1 and S; are disjoint segments of T'}
then MI = M*. In particular M is norm dense in M*.

ProoF. It is clear that M is norm dense in MI. Let us show that MT is
w*-closed in JT*.

Let (My)eer, M, =Z2 Axs« be a net in MI. We may suppose that the
scalars A are such that, for}every a, AP Z A zZ---Z2A0 =
Passing to a refinement of the net (m,),c,, we may also suppose that for every
JEN, there exists a segment S; of T such that yg () = lim, xs=(¢) for every
t €T. This means that x5, = w* — lim, Xse for every j EN. '
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If 4, =lim, 2/”, then £ A? =1 (the unit ball of /* is weakly compact) and
hence it follows easily that m = Z A, x5, = w* — lim, m, . [ ]

To prove Theorem 6.1 we need a closer investigation of JT***,

Let z¥** & JT*** and (z*),c, a net in JT* converging weak-star to z***, As
the restriction of z*** to JT induces an element of JT* it follows from the
analysis in [L-S] or from Lemma 6.3 above that the function z***on the tree T
defined by z***(1) = lim, z*(¢) converges along every infinite branch of T.

Let A, _, be another copy of {0, 1}V, where we identify the branches of T
with the points of A, _;. Define for yEA, _,, z***(y) = lim,, z***(¢). (This
limit exists by the above observation.)

On the other hand the function z*** on A, defined by z***(y) = lim, z*(y)
for every y EA,, exists, since (7,(z*)).e; is weakly Cauchy in /2(A).

So we can represent z*** as a function on T=TuU A,_1UA,, such that
(2***(1)),e, converges to z***(y) for every y €A,,_, which we identify with an
infinite branch of 7', i.e., z*** is a continuous function on T if we consider T
as a topological space such that T U A, _, is “the order compactification” of T
described in Section 5 and A,, is a clopen subset of T. (This explains why we
have chosen the somewhat unorthodox notation A, _, to indicate that A, _,
squeezes in between 7 and A,,.)

The operator m**: JT*** — [2(A) is still given by the restriction of z*** &
JT*** t0 A, i.e., T, (2***) = (2**(y)),en, » and will therefore still be denoted
by n,. We may also define #,_, : JT***—[}(A) to be the “restriction” of
¥ JT** 10 A, _ ), 1.6., T, ((Z¥**) = (Z¥**(¥)),en, -

Observe that if i denotes the natural injection from JT* into JT***, then
i(JT*) =ker(n,, — T, _1).

Observe also that (n,, — 7, _,) is an operator onto /*%(A), hence (7, — 7,,_,)
induces an isomorphism between [%(A) and JT***/JT*. In particular, for every
z¥* & JT*** one has dist(z***, i(JT*)) = C || (n, — 7, - )z*** || for some
constant C. The main step in proving Theorem 6.1 is to show that
dist(z***, i(JT*)) = || (T, — Ty )2*** || //2.

Let us now give some technical lemmas on the structure of the molecules and
the operators 7, and 7, _,.

LEMMA 6.4. Let z*** €M = M°UTJT) where M denotes the set of mole-
cules of JT*, £ = n,,(z***), and n = m,, _,(2***).

Thereis { €I1A), andaset A C A, A C supp(&), A N supp({) = & such that
n=C& g+ Cand | E|*+ | L= 1. Hence ||[E—n | =/2.
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PrROOF. Let (m,),c; be a net in M converging weak-star to z*** and write

my= 3% Ars= 2 Mrst X Axs=mit+tm.

JEIE JEI@) J€L@
Here S¢ are segments of 7', J(c) finite index sets and
Ja)={jEJ(a): Sf Nsupp(&) # J} and Jfa)=J(@)\J(a)

where we consider & as a function on A, Clearly for every y EA, y Esupp(¢),
(M2 (7))eer converges to &(7). Hence limye; Zjesy 147 1P =1— [ & [

Let x*** and y*** be weak-star cluster points in JT*** of (m/),c; and (m2),¢,
respectively and let { = 7,,_,(p***), which clearly satisfy || & ||+ | { | = 1.
For y €A distinguish two cases:

Case 1. There exists a segment S of T containing y such that, for « big
enough, there is j €J,(«) with §¢ 2 S In this case we get §() = 7, (z***)(y) =
My —1(***)(7) = (7).

Case 2. 1If case 1 does not happen, we get m,_(x**)(y)=0 hence
Ty 1 (Z¥**N ) = (7)) = Ty - (Y***)7) = L)

Let 4 be the set of the points in A such that case 1 happens. Then
n=¢&-x, + {. Finally observe that

@ Ne=nl=NE=Exl +Mn=Call = NEN+UCN =2

PROPOSITION 6.5. For every ¢ > 0, there exists § >0, such that for every
Z¥RkC JT*kx || ¥ || < |, we have the following:

() (E=—nl>V20=8)= |E+n| Seand |E|*+ [n]>z1—¢
where & = n,(z***), and n = m,,_ (2***).

ProoF. From (*) and using the relation || & |2+ | {||*= 1 one easily
checks that for every ¢ > 0, there exists ,(¢) > 0 such that () holds for every
z**cM. [To do so check the following estimates: | ¢& | ~ (\/5/2);

1E— &l ~(J/225 Nl ~0; lIm ]l ~(/2/2) 1 E+n | ~01]

Fix now ¢ >0, and let z***&JT*** || z*** || =<1 such that ||[{—7n | >
ﬁ(l — &) (the value of 6 will be fixed later). Since /' ¢ JT**, the ['-theorem of
Odell-Rosenthal [O-R] and Haydon [H] implies that conv M = B(JT***). So
we can find 7 €N, and elements (z***); -, € M such that

<4./2.

n
Z***_.l E zéik**
Ni=1
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Let & = n,(z¥**) and #; = 7, _,(z¥**), and
I=(@el,n]:|&—n | =200 —/3).
Then it is not difficult to see that

1% @—m)| 2vaa-30)

hi-

and |I| = 3n\/3.
If we assume that \/(—5 < 9,(&/2), we deduce that

IE+nl <20/2+6/6+el2<e

if ¢ is small enough.
On the other hand we have

PEP+ I 2=3AE=n i+ NE+n >0 =08y >1-e
if 6 <e/2. m

PROPOSITION 6.6. For z*** & JT*** we have

I (M — Mo X2**) || = /2] 2%** ).

Proor. The function d:JT***—R, defined by d(z¥*)=
| (=, — 7, — )z***) || is convex and norm-continuous. As the convex hull of
M is norm-dense in the unit-ball of JT*** we infer from Lemma 6.4 that
| (7o = 70 )E***) || S /2 || 22| = 1. m

PROPOSITION 6.7. Denote i : JT* — JT*** the canonical injection from JT*
into its double dual. Then dist(z***, i(JT*)) = || (7, — T, _ )2***) || /\/5, Jfor
every z¥¥* € JT***,

Proor. Let ¢ =7, (z***) and 5 = n,_,(z***). Find z*€JT* such that
7,(z*) = (& + n1)/2; then for y*** = z*** — j(z*) we obtain

T Y***)=C—(E+n)2=(S—n)2
and

Mo (Y**¥)=n—(+m2=(n— )2,

and clearly dist(z***, i(JT*)) = dist(y***, i(JT*)).

Hence there is no loss of generality in assuming in the statement of the
proposition that £ = — 7.

Fix €¢>0, and let 4 ={a;,...,a,} be a finite subset of A such that
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| € —&xs )| <e. Choose now disjoint segments S),...,S; of T ending at
ai, ..., a;respectively.
Then the molecule m = Zf_, &(a))xs, satisfies || m || = (ZK,1&(a) D) =

I&],and ||~ m,(m)| <e.

We may assume that there 1s 7 EN such that all §; start at level n. Forp >n
and 1=5j=k,1let F=8§nN@A, VAU ---UA), TP =S5\S7, and x¥ =
zjk=l ) — xg + xp)-

Then || x} | = \/5 | €I and (i(x))),%, converges weak-star to an element
x***e JP** such that | z,(x**)—¢| <e and | 7,_ (x**)+¢| =

| o, — {x***)— 71 || <e&. Hence

dist(z***, i(JT*)) < dist(x***, i(JT*)) + dist(z*** — x***_j(JT*))
§ " x*** " + C " (na) —_ nw—l)(Z*** —_ x***) "
=J21 & +2¢Ce.

As € > 0 is arbitrary we have proved the implication “ = ”.
As regards the reverse inequality observe that

2 dist(z***, i(JT*)) = J2-Inf { || 2%%* — 2% || : 2*EJT*)
z inf { || (m,, — @, — N2*** — z*) : z*EJT*}
= | (7 = M- )2 || . u
An immediate corollary of Propositions 6.5 and 6.7 is the following:

COROLLARY 6.8. For ¢>0 there is 6 >0 such that, for z**¥* CJT***,
| z*** || =1, with dist(z***, i(JT*)) > 1 — J, one has

| 7, (z***) + 7, (2***) || <€ and || 7, (2***) ||? + || 7o (2***) |2 >1 —¢.
For the next lemma we need to introduce some notations.

Denote p, : A— A, the natural projection, defined by p,({&; }/2,) = {&}/-,. If

i=1e
A is a finite subset of A such that p,, restricted to 4, is one to one and f € [*(A)
with supp{ f} C 4, we define the element p,( f) of /*(A,) by

fly) ift=yforsomey€A,

PN = 0 if not.

With this notation we formulate an immediate consequence of 6.8.

LEMMA 6.9. For ¢>0 there is 0 >0 such that, for z***E€JT***,
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| z*** | =1 and dist(z***, i(JT*))> 1 — 8, for every net (z¥),e; in i(JT*)
converging to z*** and n €N there is EEIX(A), || || = 1, with finite support
Aandn =r <s,r,sEN such that p, is one to one on A and such that there is
a€1 with

(@) (D), 28Dy > /212 — &
and

(i) (p,(&), 7 (2¥)iay < — /212 +&.

PrROOF. Fix ¢ > 0. By 6.8 there is 6 > 0 such that dist(z*** {(JT*))>1—¢
implies that there is £ €/%(A) with finite support, || £ | = 1 and such that

| T (z***%) — E1/2 || <& and || m,_(2***) + E1/2 || <e.

Using the definition of z***(y) for y&A,_,, we deduce that there exists
r=n, such that p, is one to one on the support of & and such that
(7, (z**%), p,(&)) < — \/2/2 + &, hence for a Z a (r), we have (n,(z¥), p.(&)) <

—J22+e.

On the other hand for a = o, Z ay(r), we have (n,(z¥), &) > \/5/2 —e. So
there exists s > r such that (n,(z*), £) > ﬁ/Z — ¢ (since the elements of JT*
are continuous functions on 7). |

We now establish the final technical tool for the proof of Theorem 6.1:

LEMMA 6.10. There is an absolute constant k > 0 such that the following
Situation can not occur:

There exists £,A€IXA), || 4 || = (| €]|| =1 with finite supports, z*EJT*,
[z¥} =1,and n =r <s = m, such that:
(0) D, is an injection both on A = supp( &) and B = supp(A),

() (P(&), 1, (z¥)pcw) > /212 — K,
(i) (P, (), T (2Niwy < — /212 + k,
(iti) H(Pa(A), T(2*iay + (Pm(A), T (Z*))ian] > 3.

PrROOF. Suppose first that z* is a molecule of the form

(1) = Y —p(O)xst X Ps(ﬁ)(t)'Xsi}/ﬁ
tEp(4) 1Epy(A4)
where {(S})iep)> (S)iep} is a disjoint family of segments in T such that ¢ is
an clement of S/} (resp. of $?), for every ¢ € p,(A4) (resp. every t € p,(4)). Note
that such a z* satisfies (i) and (ii) for each k¥ > 0.
Let B,=(B\A) U {t€A4 U B such that sign({) =sign(4)} and B, = B\ B,
= {t €4 N B such that sign(¢) # sign(4)} and let 4, = Axp and 1, = Axs,.
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Note that ( p,(4;), 7,(z*)) = 0 as none of the segments S? can pass through
P.(B)) and the contribution from the first term in (1) can only be less than or
equal to zero.

Similarly we get (p,.(4), 7,,(z*)) = 0 as none of the segments S can pass

through p,,(B,).
Hence

H(Pa(A), Ta(2*)) + (P(A), T, (2*))]
= A(Pa(A), ma(2*)) + (D (A1), Ta(2*))]
Salll A0 W@+ DA - a2 (1]
=GN 20+ 1414

a contradiction to (iii).

If z* = Z,c, ;- z¥ is a convex combination of molecules, where [ is a finite
set, z* satisfying (i), (ii) and (iii) for x = 1077, there is I, C I such that
Sieng 4 < 107 % and for i €1, z¥ satisfies (i) and (ii) for x = 107°.

One easily verifies that, for i €1}, there is a molecule y* of the form as given
in (1) such that || z* — y* ||,» <1072

Hence there is a convex combination y* = Z;¢; k; - y* where y* are mole-
cules of the form described in (1) and such that || z* — y* ||, < 107"

As the expression given by (iii) gives a value less than or equal to 4 for y*
(by the first part of the proof) we arrive at the desired contradiction (obtaining
107 as a possible choice for k). [ |

ProOF OF THEOREM 6.1. We distinguish two cases:

Case 1. sup{ || n,(z*)||: z*€C} < 2/3. Then (since 7,(C) = nw(E)) it is
easy to obtain from Corollary 6.8 an absolute constant «; <1 such that
dist(z***, i(JT*)) < a, for every z*** of C.

Case 2. There is z* € C such that || n,(z*) || > 2/3.

Let ¥ > 0 be given by 6.10 and determine § > 0 from 6.9 by taking ¢ = .
Leta,=1—94.

We may find A €E/XA), || 4 | =1 of finite support B and n €N such that p, is
injective on B and such that i[( p,(1), 7,(z*)) + (4, 7, (z*))] > 2/3.

Define aslice Sof Cby § = {(x*€C: j[( p.(4), T,(x*)) + (4, 7, (x*))] > 2/3},
which is non-empty as z*ES.

The weak-star closure S of S in JT*** contains an extreme point z***of C. If
dist(z§**, i(JT*)) is bigger than «,, we derive from 6.9 that there is z¥ €.5 and
£€/*(A) and n = r < s such that (i) and (ii) of 6.9 are satisfied with ¢ = k.
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On the other hand zF € S, hence there is m €N, s < m such that
H( (D), 7, (28)) + (Pm(A), mw(28))] > 2/3.

Hence we are exactly in the situation which is proven to be contradictory
by 6.10.
Finally let o = max(«,, a,) to finish the proof. [ |

7. Another counterexample

In Section 2 we gave a geometrical proof of Theorem 1.1(iii), and the
previous example shows that the separability assumption in this theorem
cannot be dropped.

One may also give a more analytical proof of 1.1(ii1). We are going to show in
this section that separability is also necessary in a crucial step of this analytical
proof. The counterexample of this section also answers negatively a question
of K. Musial (see Remark 7.3).

We start by giving the analytic proof of Theorem 1.1(iii).

Recall that the extreme points K of F equipped with the w*-topology (i.e.,
the topology a(L'(A)**, L'(A)*)) is a compact space called the Stone space of
L>(A). The space L*(A) may naturally be identified with C(K) and we shall
write f for f€ L=(A) if we regard fas a continuous function on K. (For details
we refer to [T], 1.4.)

If we denote by x the Haar measure on A, there is a unique Radon-measure /i
on K such that for every f€L>(A) the equality [, f(y)du(y) = fx f(s)dﬂ(s)
holds true.

We shall need the following fact about the Stone space (K, /i), which follows
immediately from [T], 1.4.3a: For every ji-measurable set Q C K, 4(Q) >0,
and every & > 0 there exists an g-measurable B C A, u(B) > () — ¢, such
that Q O B, where B is the clopen subset of K corresponding to B, i.e.,
B = Ext(F).

LEMMA 7.1. Let Y be a separable Banach space and T: L (A)—Y be a
continuous linear operator. Let ¢ denote the restriction to K of the function
dy o T**: L\(A)*— R, where dy(y**)=dist(y**, Y), The function ¢ is -
measurable. Moreover, T is representable iff ¢ equals zero ji-almost everywhere.

ProOF. ForyE€Y,y**€Y** letd,(y**)= [|[y*—y|.
Note that d, is a lower semicontinuous function on (Y**, w*), hence d, o T**
is lower semicontinuous and therefore ji-measurable.
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Let (y,)., be a dense sequence in Y and note that dyoT**=
inf, ey d,, o T**, which shows that ¢ is Z-measurable.

As regards the last assertion it follows from the remark preceding the lemma
that 4({¢ = 0}) = 1 iff, for every ¢ > 0, there is B C A, u(B)> 1 — ¢, such that
B C{p=0)}.

The latter assertion is equivalent to saying that T**(%;) C Y, i.e.,that T o R,
is weakly compact, where R, : L'(A)— L'(A) is the multiplication with the
indicator function of B.

As is well known ([D-U], Prop. I11.2.21) this “almost weak compactness” is
equivalent to the representability of 7. The lemma is proved. [ |

After these preliminaries we can give an alternative proof of Theorem
1.1(iii):

If Y fails RNP there is a non-representable operator 7: L'(A)— Y. Hence

| @ | L= # 0 and we may assume || ¢ || o= 1—&/2.

Find a ji-measurable set Q C K, j1(€2) > 0, such that g is bigger than I — ¢on
Q. Let (y,)- be dense in Y and denote ¢, the restriction of d, o T**to K. As
9 = inf{g,: n EN} we may find #,EN and an ji-measurable subset Q, of Q,
f1(£2,) > 0, such that ¢, is smaller than 1 on Q,. Let B be a u-measurable subset
of A, u(B)> 0, such that B C Q,.

Note that T**(,%) is contained in the ball of radius 1 around y, . As every
extreme point of T(%) = T**(#,) is the image under T**of an extreme point
of %,, we conclude that every extreme point of T(%) has distance from Y
bigger than 1 —e&.

Finally, letting C = closed convex hull{(T(%3) — y,), — (T(F) — y,,)} we
have constructed again a set satisfying the requirements of Theorem 1.1(iii). l

The separability is necessary to insure the measurability of the function ¢:

THEOREM 7.2. There exists a non-separable space X and an operator
S: LY(A)— X such that ¢ is not measurable.

We first fix some notation.
Let 4 be a subset of A. We define the subspace Z, of JT* as

= {x*€JT*: n,(x*)(y)=0forall yEA}.

One quickly verifies that Z, is a closed subspace of JT*. Note that JT* = Z,
and J, T =B =2,

Define F: A—JT*by F(y) = Xs(;), Where b(p) is the branch of T starting at
the origin of T"and ending at y €A, and g,,, denotes the indicator function of
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this branch. Clearly F is a weak-star scalarly measurable function (in fact, F is
weakly scalarly measurable) hence we may define 7: LY(A, ) — JT* by

T(f)=w*— f 1) FG)du().

One easily checks that T defines in fact an operator into B — still denoted by
T — and that the integral even makes sense as a Pettis integral. In fact, T'is the
“canonical” non-representable operator from L' to B.

ProOF OF THEOREM 7.2. We are going to show that if 4 C A is of u-
inner measure O and outer measure 1, then the statement of Theorem 7.2
holds with X=Z, and §S=T,=j,T, where j,: B—Z, denotes the
canonical embedding.

We first have to identify the double-dual of Z,:

Let i,: Z,—~JT* be the canonical embedding. Using the notation of
Sections 5 and 6, the space Z }* — strictly speaking i }*(Z **) — is the subspace
of JT*** given by

PIPMZE) = (x> eJT**: n,(x***)(y)=0forall yEA4}.

We shall identify Z,** with a subspace of JT*** which in turn we represent
as a space of functions on T.

We now investigate ¢: As in 2.8(2) let ¥ denote the canonical surjection of
the Stone space K onto A obtained by restricting the elements of K, which is a
subset of L®(A, p)*, to the subspace C(A) of L*(A, 1) and identifying A with
the Dirac measures in C(A)*.

Note that the operator (T ,)*: Z} — L®(A, u) takes its values in C(A). Indeed
it suffices to verify that 7*: B* — L®(A, ) takes its values in C(A) which is
obviously true, as in B* = JT the unit vectors (¢,),er span a dense subspace of
JT and T*(e)) = x;, € C(A), where I, denotes the sets of elements of A which are
successors of ¢ (x;, is continuous since 7, is a clopen subset of A).

Hence T}*: L*(A, u)* — Z;* factors through C(A)* and the restriction of
T* to K factors via w: K—A through A, ie., Tt =S, oy, where S, is a
function from A to Z}*.

One easily verifies that, for y €A, S,(y) = X, Where k(y) is the branch in
T=TuU A, -, U A, starting at the origin and ending at y EA,, _, (not contain-
ing the y €A,!) and x,, is the indicator function of this branch. Indeed, it
suffices to consider, for y €A, a sequence ( f,)*-, in the positive face # of
LY(A, p) converging o(C(A)*, C(A)) to the Dirac measure at the point y
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and to note that (T, )=, is a sequence in j,(B) converging pointwise on T
towards X,

Now make the crucial observation, similarly as in Remark 2.11 above:

If y € A then similarly as in 2.11, dist(S,(y), Z,) = 1, while for y & 4 we have
dist(S,(y), Z,) = \/ 2/2. Indeed, in the latter case the element (3)y;,, where
A(y) consists of k(y) plus the element y of A,,, is in Z, — more precisely in the
canonical image of Z, in Z}* — and therefore

dist(S4(r), Z) = || Xeor — Dacy e
Define, for n EN, the element p,(y) of JT*** by
4 fort€i(y), |t| =n,
p(y)=1—1% fort€A(y), |t|>n(including || =w — 1and |t| = w),
0 elsewhere.

If we denote by i the canonical embedding of JT* into JT*** then
I 2a) || = /202, pu(P)Ei(JT*), and (p, (7)), converges o(JT*** JT**) to
Xeen = V-
Hence, for y €4, dist(S,(?), Z,) = [| Xker — Otaen | =/2/2.
So the function ¢ : K — R, equals 1 on ¥ ~'(4) and is less than or equal to
ﬁ/Z on ¥ (A\A4). As A4 is not u-measurable, ¢ is not Z-measurable. |

REMARK 7.3. The above Banach space Z, also gives a counterexample to a
question raised by K. Musiat at the 15th winter school of the Cech Academy of
Science in Srni (January 1987) on extendability of Pettis-integrable functions:

Let A C A be as above (i.e., u*(4) =1, u,(4) =0) and let (4, 2, ji) be the
measure space induced by the outer measure u* on the trace £ of the u-
measurable subsets £ of Aon 4. If k: 4 — A is the canonical embedding, then
clearly k(1) = u and the operator /: L'(A, u)— L'(A4, i) defined by I( /) = fo k
is an isometric isomorphism between L'(x) and L(it).

ProrosITION 7.4. With the above notation there is a Banach space X and
an operator S:LYA, i)~ X which is representable by a Pettis-integrable
Sfunction ®: A — X but such that the operator S<l:LYA,u)— X is not re-
presentably a Pettis-integrable function ¥V : A— X.

ProOOF. It suffices to let X =Z,and S =T,°/"", where T, and Z, are
defined above.
Let ® be the restriction to A of the function F defined at the beginning
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of Section 7. Clearly ® takes its values in Z,, is Pettis integrable, and
represents S.

On the other hand, consider the operator i, e Se/: L'(A, u)—JT*. This
operator is represented by a Pettis-integrable function, namely F: A—JT*.

As JT is separable, we conclude that any Pettis-integrable function
G : A— JT*representing i, o .S o/ equals F u-almost everywhere. In particular,
any such G must take its values in JT*\ i,(Z,) on a set of y-outer measure 1.

Hence there cannot be a Pettis-integrable function ¥ representing
Sol:LY A, u)—Z, as i,°¥ then would represent i, oS/ and take its
values in i,(Z,).

This contradiction finishes the proof. |
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